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SECTION A (Questions 1 to 10)
(75 marks)

Answer all questions in this section.

QUESTION 1 (5 marks)

(a) Find in parametric form the equation of the line through A(2, 6, —2) and B(5, 0, 7).

(2 marks)

(b) Find where the line in part (a) intersects the plane x+3y+2z=14.

(3 marks)



QUESTION 2 (5 marks)

Consider the function f(x)= ¢ sin’ x.

T

(a) Find an approximate value for jexz sin’ x d.

T
2

(1 mark)
(b) Show that f(x) is an odd function.
(2 marks)
(c) Hence find an exact value of & such that
k T
J. f(x)dx = — _[ f(x)dx, explaining your reasoning.
et 5
(2 marks)
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QUESTION 3 (6 marks)

In Figure 1 points 4, B, C, and D lie on the circumference of a circle and
AB is parallel to DC.

The line AT is a tangent to the circle and AD bisects ZLTAC.

Figure 1

(a) Prove that AC bisects ZDAB.

(3 marks)



(b) Prove that AD=DC = BC.

(3 marks)
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QUESTION 4 (6 marks)

(a) Prove that if the line x—k =7 b_l =27 s parallel to the plane Ax+ By+Cz=0D,
a c

then Aa+Bb+Cc=0.

(2 marks)
(b) For the line x—3 = y+4 = 27" and the plane 2x—y+z=18:
3 4 c
(1) find c if the line is parallel to the plane.
(2 marks)
(i) find m if the line is in the plane.
(2 marks)



QUESTION 5 (5 marks)

(a) If y=In(sinx), where 0<x <7, show that %:cotx.

(2 marks)

(b) Hence, or otherwise, find an exact value for |cotx dx.

AN o)y

(3 marks)
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QUESTION 6 (9 marks)

3

: 3i . : : :
(a) Given that w= - +E , write w in the form rcis@, with exact values for » and 6.

(2 marks)
(b) Given the set of complex numbers z such that |z —-2i|=1:
(1) sketch |z—2i|=1 on the Argand diagram in Figure 2.
Im(z)
: : : : : : : : Re(2)
Figure 2 (3 marks)



(ii) show that argz = argw is a tangent to |z—2i|=1.

(2 marks)

(iii) find the largest possible value of argz. Give reasons for your answer.

(2 marks)
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QUESTION 7 (9 marks)

A damaged oil tanker is leaking oil into the sea. A constant current pushes the spreading oil
spill into the shape of a sector with a radius of » metres and a sector angle of 6 radians
(as shown in Figure 3), where » and 8 change with time.

Let the area of the sector be 4.

constant current
vector

/ constant current
vector

Source: International MARSAC,
www.marsac.nl/REF.htm

Figure 3

(a) Show that — == =2
rde dr

dt r

do 2(1dA er).

(3 marks)

10



(b) The radius of the oil spill is increasing at a constant rate of 2 metres per second and
the area of the oil spill is increasing at a constant rate of 2z square metres per second.

Consider the oil spill when it has a radius of 6 metres.

(i) Show that the area of the oil spill is 4 = 6z square metres at this instant.

(2 marks)
(i) Hence find the exact value of the sector angle, 6, at this instant.

(2 marks)
(iii) Hence find the rate of change of 6 at this instant.

(2 marks)
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QUESTION 8 (10 marks)

(@) Let f(x)=x"+7.
Show that f(x)— f(2) has a factor of x—2.

(2 marks)

(b) If p(x) is any polynomial of degree > 1, prove that p(x)— p(k) has a factor of x—k.

(2 marks)

(c) T(x) is a real cubic polynomial with a zero of 1 + 2i.

(1) Find a real quadratic factor of 7(x).

(3 marks)
12



(i1) Find T(x), given that T'(x)—25 has a factor of x—2 and that 7(x)—12 has a
factor of x—1.

(3 marks)
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QUESTION 9 (10 marks)

Points A(—1, 1), B(1, 2), and C(2, —1) are fixed points in the plane which determine the
simultaneous motion of points P, O, and R so that

0P =[2t—1, t +1]
00 =[t+1, -3t +2]

OR=[-1*+41-1, -4 +21+1]

where 0<7<1 is the time for which the points are in motion.

The graph in Figure 4 represents this situation at some time ¢.

y
B
2+ [}
P
[ ]
R
[}
4 T
0
[}
f f I f X
-2 -1 1 2
1T [ ] C
Figure 4
(a) Graph the paths of P, O, and R on the axes in Figure 4. (3 marks)

14



(b) Find PR and P_Q> in terms of ¢ and hence give a vector proof that P, R, and Q are

collinear.
(3 marks)
(c¢) (i) Draw the vectors A_IS, 715, Fé, R_é, and Q_C> on Figure 4. (1 mark)
(i) Using the triangle inequality, show that |AP |+|P Q|+|QC| 2 |AR|+|RC|.
(3 marks)
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QUESTION 10 (10 marks)

The velocity, v, of a small raindrop may be found
by solving the differential equation

dv
—=g-cv

where g is the gravitational constant, ¢ is a positive
constant that can be found experimentally, and time, ¢,
is measured in seconds.

(a) By solving the differential equation with the
initial condition of v(0)=0, show that the
velocity of a small raindrop is

Source: Photograph by Altrendo Nature, from
g et ) Getty Images, http:/creative.gettyimages.com
v(t)= —(1 —e ) units per second.
C

(5 marks)

16



(b) The limiting value of the velocity as time increases is called the terminal velocity.

Find the terminal velocity of a small raindrop using the solution from part (a), given
that g=9.8 and ¢ = 16.

(1 mark)

(c) On the axes in Figure 5, sketch the velocity curve of a small raindrop using the values
of g and ¢ given in part (b).

Indicate the terminal velocity on the sketch.

1%
A

0.8

06T

04T

02+

Figure 5 (3 marks)

(d) Small raindrops approach terminal velocity rapidly.

By assuming that the velocity of a small raindrop is constant, find an approximate
value for the time taken for a small raindrop to fall a distance of 10 units.

(1 mark)
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SECTION B (Questions 11 to 14)
(60 marks)

Answer all questions in this section.

QUESTION 11 (15 marks)

Figure 6 SIE\;VS skew lines /; and /, connected
by vector NM. M l
Line /, is parallel to v =[1, 1, 4] and has — ]

vector equation

L [x v, z]=[1,6,-9]+s[1, 1, 4].

Line /, is parallel to w = [2, -1, 2] and has \
parametric equations N\
12

x=2+2¢
L :qy=1-t Figure 6
z=1+2t.

(a) (1) Calculate vxw.

(2 marks)

(i1) Show that point P(4, 9, 3) lies on /; and point Q(10,-3, 9) lies on /,.

(2 marks)
18



(ii1) Calculate the length of the projection of vector Fé on vxXw.

(2 marks)

(b) As shown in Figure 6, M is a point on /; and N is a point on /,.
Show that NM =[s—2¢—1, s+ +5, 4s—2¢—10],

(1 mark)

© () If NM =k[2, 2,-1], show that s, 7, and k are related by the system of equations
s—2t-2k=1
s+t—-2k=-5
4s -2t + k =10.

(1 mark)
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(i) Solve the system of equations from part (c)(i) for s, ¢, and &.

(1 mark)
(ii1)) Hence find the coordinates of M and M.
(2 marks)
(iv) Find NM and calculate the length of this vector.
(2 marks)
(d) (i) Comment on your answers to part (a)(iii) and part (c)(iv).
(1 mark)

20



(i) Explain why |W | found in part (c)(iv) is the shortest distance between /; and /,.

(1 mark)
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QUESTION 12 (16 marks)

(a) (i) Solve z°=-64, giving the roots in the form rcisé.

[lustrate the roots on the Argand diagram in Figure 7.

Im(z)
A
——+— F——+——> Re(z)
Figure 7
(5 marks)
(ii) Show that z* +4 is a factor of z° + 64.
(2 marks)

22



(iii) Using parts (a)(i) and (ii), or otherwise, solve z* —4z> +16=0, giving your
answers in the form rcis 6.

(2 marks)

(b) (i) Show that if p(z)=(z—z)(z—2,) is a quadratic polynomial with zeros z, and z,,
then the coefficient of z in p(z) is —(z, +2,).

(1 mark)

(i1) Let p(z)= (z—z3 )(22 +az+b) be a cubic polynomial, where @ and b are constants.

If p(z) has zeros z, z,, and z; then, using part (b)(i), show that the coefficient of
2% in p(z) is —(z+2,+2).

(1 mark)
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(iii) Use an inductive argument to show that if p(z)=z"+az" " +bz" >+ ... is a
polynomial of degree n with zeros z,, z,, 23, 24, - - - , Z,, then the coefficient of

n—l1

Zinpz)is —(g+ztz+ ... +2,).

(3 marks)
(c) If 7,25, 23, 24, 25, and z, are the roots of z° =—64 from part (a)(i), find:
(1) zytz+z3+tzy+25+ Z.
(1 mark)
(1) 2,252324%5%.
(1 mark)
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QUESTION 13 (14 marks)

(a) A mathematical model for the growth of a population P = P(¢) of fruit flies in a
laboratory is given by

dP _ 49 ,(1000-P
dr 500" {1000

where time is measured in days and the maximum number of fruit flies able to be
sustained in the laboratory is 1000.

Initially there are 100 fruit flies present. That is P(0)=100.

(i) Figure 8 shows the slope field for the differential equation given above.

Draw the solution curve on the slope field.

P
/N
1200 R0 N0 N0 N0 N0 N0 N0 N NN N NN NN NN N N NN
__\\\\\\\\\\\\\\\\\\\\\
o0 . _ _ _ _
“/////////////////////
800w -~ ~ ~ ~ o S S S S S S S S
| A A A A A AV AV A A A A A
oSS S S S S S S S S S S S S S S S S S
0oy S S S S S S S S S S S S S S S S S S S S
Vs 0000000000000 7077
oSS S S S S S S S S S S S S S S S S S
wov S oSS S S S S S S S S S S S S S S S S S
oSS S S S S S S S S S S S S S S S S S
v S S S S S S
200./////////////////////
A A L A A A A A A A A A A A
— e 5
10 20 30 40 50
Figure 8 (3 marks)
(i) Show that 100
P 1000—P  P(1000— P)
(1 mark)
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(iii) Solve the differential equation ar =£P 1000~ to show that
dr 500 1000
1000
Pt)= 1+ 9g 0098

(5 marks)

(iv) How many days does it take for the population of fruit flies to reach 500?

(1 mark)
26



(b) More generally, consider a model for the growth of a population of fruit flies to be
dP _ kP(1000-P)

dt 1000
Let T represent the time taken for the population to reach 500 fruit flies.

, where P(0)=100 and k>0 is a constant.

. . : 2.20
The approximate relationship between 7" and k is T =—— days.

(i) To what level of accuracy does this relationship hold for your answer to
part (a)(iv)?

(1 mark)

(i) Suggest a value of & for which 7 will be less than your answer to part (a)(iv).

(1 mark)

(c) After thirty days 600 fruit flies are removed from the population described in
part (a)(iii).

Using the value of k from part (b)(ii), state a new differential equation with a new
initial condition that could be used to model the growth of the remaining population.

(2 marks)
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QUESTION 14 (15 marks)

While designing an animated advertisement
for Fable 8 Fantasy Bookstores, a computer
graphics specialist uses a moving point
controlled by the parametric equations

xX=sin2t, y =cos ¢

where 0 <7 <27 is the time taken for the point to
complete one circuit of the curve shown
in Figure 9.

(a) Find the velocity vector for the moving point.

The curve x = sin 2¢, y = cos ¢

(b) (i) Hence show that s(), the speed of the moving point at time ¢, is given by

s(2) =\/16sin4t—155in2t+4.

28

y
05 T
} } } — x
-2 -1 1 2
-0.5 +
Figure 9
(2 marks)
(3 marks)



(i) Graph s(¢) on the axes in Figure 10.

Figure 10

sin2t(32 sin® ¢ — 15)

(c) (i) Show that s'(¢)= 250)
s

29

(3 marks)

(4 marks)
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(i) Hence find exact values for the maximum speed and minimum speed of the
moving point as it completes one circuit of the curve shown in Figure 9.

(3 marks)
30



SECTION C (Questions 15 and 16)
(15 marks)

Answer one question from this section, either Question 15 or Question 16.

31 PLEASE TURN OVER



Answer either Question 15 or Question 16.

(15 marks)

QUESTION 15

where 0<¢<2rx.

x'=x+y
y'==2x-y

Figure 11 shows the slope field for the differential system

-
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Figure 11

(3 marks)

(a) On Figure 11 draw the solution curve that passes through the point (1, 0).

x+y

dx

(b) Show that & ==2¥=7

(1 mark)
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For a function y = f(x) obeying the differential equation Y = f’(x), the equations for Euler’s
method are dx

X, =X, ,+h

, where /£ is a number of sufficiently small size.
Yo = Vua O (x,0)

In the current situation the equations for Euler’s method can be adapted to
X, =X, ,+h

-2 —
yn — yn—l + h xn—l yn—l .
xn—l + yn—l

With & =-0.1, these equations can be used to find an estimate for the positive y-intercept of the
solution curve that you drew in part (a).

(c) Complete the last column of the table below to find an estimate for the positive
y-intercept of the solution curve. Only the results for the first three calculations and the
last three calculations are needed. You do not need to fill in any of the shaded cells,
but you may use them if you wish.

_2xn—1 — Va1

Xn-1 + V-1

1 1.0 0 -0.1 —-2.0000 0.2000

10

(4 marks)
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(d) It can be shown that the given differential system
X'=x+y
y'==2x-y

where 0<¢<2rx

t)= Acost+ Bsint
has a solution of the form x(0) ~ where 4, B, C, and D are constants.
y(t)=Ccost + Dsint

(Note: You do not have to prove this.)

The solution curve that you drew in part (a) has initial conditions x(0)=1,y(0)=0.

(i) Find the values for 4, B, C, and D.

(3 marks)

(i) Hence find the exact value of the positive y-intercept of the solution curve.

(2 marks)

34



(ii1) Find the Cartesian equation for the solution curve.

(2 marks)
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Answer either Question 15 or Question 16.

QUESTION 16 (15 marks)

(a) Find (2—i).

(1 mark)

1
(b) Consider the complex iteration z — E(Z +£ J
b4

(i) Complete the table of iterates below with z, =1 and c=3—-4i.

(2 marks)

36



(i) Complete the table of iterates below with z,=7 and c¢=3—4i.

(2 marks)

(¢) (1) Show that, in general, the complex iteration z — 5(z+£) has invariant points

z=i\/z. N

(2 marks)

(il) Hence explain the results obtained for part (a) and parts (b)(i) and (ii).

(1 mark)
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. . . . . . 1 4
(d) (i) State the invariant points for the iteration z — E(Z +—).
b4

(1 mark)

1 4
(ii)) Complete the table of iterates for the iteration z —>E(Z+—) with z, =1.
b4

(2 marks)

o 1 4 .
(ii1) For the iteration z — 5(Z+—), let z, =2+ a, where a is a non-zero number of
small size. .

2
a

Show that z,,, =2+ .
4+ 2a

(2 marks)

38



(iv) Hence explain that if z, # 2, then z,,, #2.

n+l1

(1 mark)

(v) Explain any apparent contradiction in your answers to parts (d)(i), (ii), and (iv).

(1 mark)
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You may write on this page if you need more space to finish your answers. Make sure to label each
answer carefully (e.g. ‘Question 8(c)(ii) continued’).

© Senior Secondary Assessment Board of South Australia 2007
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You may remove this page from the booklet by tearing along the perforations.

LIST OF MATHEMATICAL FORMULAE FOR USE IN
STAGE 2 SPECIALIST MATHEMATICS

Circular Functions
sin?A+cos’A=1

tan®A +1=sec’A

1+cot?A = cosec’A

Sin(A+ B) =sin AcosB + cosAsin B
CcoS(A + B) = COSACOSB FSinAsin B

tanA+tanB
lxtanAtanB

Sin2A =2sin AcosA

tan(A+ B) =

C0S2A = c0s’A —sin’A
=2c0s’A-1
=1-2sin’A
2tan A
1-tan’A
2sinAcosB =sin(A + B) +sin(A - B)
2C0SAcosB = cos(A + B) + cos(A — B)
2sinAsin B = cos(A — B) — CoS(A + B)

tan2A =

sinAxsinB=2sin$ (A B) cos3 (AF B)
COSA+C0SB = 2c0s3 (A+ B) cos3(A— B)

coSA—cosB =-2sin(A+B)sin(A-B)

Matrices and Determinants

b
IfA{“ d} then det A=|A|=ad —bc and
Cc

A’l—i d -b
B |A| —-c al

Derivatives
dy
r
e Fr=-2
f(x)=y .
x" nx"t
e* e*
1
Inx =log, x <
sinx COSx
COSx —sinx
tan x sec?x

41

Properties of Derivatives

%{f(X) g} =1'(x) g(x) + f(x) g'(x)

dr | g(x)

%ﬂﬂm=ﬂﬂmgm

[¢(x)

Quadratic Equations

If ax? + bx+c =0 then x =

i{f(x)} () g(x) ~ f(x) g'(x)

~b++b? - dac

2a

Distance from a Point to a Plane

The distance from (x;,y1,21) to

Ax+ By +Cz+ D =0 is given by

| Ax; + By, + Cz; + D |

VA2+BZ+C2

Mensuration

Area of sector = %rzé’

Arc length = r0

(where 8 is in radians)

In any triangle ABC:

B

a

Area of triangle = %absin C

a b c

sinA - sinB - sinC

a’® =b%+c? - 2bccosA












